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In this article we use the idea of algorithmic complexity (AC) to study various cosmological 
scenarios, and as a means of quantizing the gravitational interaction. We look at 5D and 7D 
cosmological models where the Universe begins as a higher dimensional Planck size spacetime which 
fluctuates between Euclidean and Lorentzian signatures. These fluctuations are governed by the AC 
of the two different signatures. At some point a transition to a 4D Lorentzian signature Universe 
occurs, with the extra dimensions becoming "frozen" or non-dynamical. We also apply the idea 
of algorithmic complexity to study composite wormholes, the entropy of blackholes, and the path 
integral for quantum gravity. 



I. INTRODUCTION 



The modern cosmological paradigm is that Universe started from the Big Bang, which was the origin not only of aU 
matter and energy, but also gave rise to the physical laws of Nature: Einstein gravity, Yang-Mills equations, quantum 
mechanics etc. In this article we examine the possibility that the Big Bang was a quantum birth (i.e. a quantum 
fluctuation) of the Universe from Nothing. With this view one can imagine that there could exist other Universes 
with different physical laws {e.g. non-Einstein gravity). Thus one would like to assign some probability for a given 
Universe to fluctuate into existence. Based on path integral ideas one can write the probability for a given Universe 
to come into existence as 

P = Aexp{-S) (I.l) 

S is an action which has contributions from the flelds that occur in the given Universe, and the factor A is connected 
with the type of physical laws in the Universe. Such an expression is only valid at or near the Planck scale. 

These arguments lead to the following assumption: on the Planck scale the physical laws can fluctuate. This implies 
that there is "something" that distinguishes one set of physical laws from another. This "something" influences what 
kind of Universe with what kind of physical laws will appear. Intuitively we expect that the simpler a physical law {e.g. 
the field equations) the more probable is the corresponding Universe. This is a free rendering of Einstein's idea that 
"Everything should be made as simple as possible, but not simpler." The problem is how to recognize or formulate this 
"something" . Our proposal is that this "something" is connected with Kolmogorov's ideas on algorithmic complexity 
(AC). In this approach any physical system {e.g. the Universe) can be thought of in terms of an algorithm. The 
longer and more complex the algorithm, the less likely it is for such a system to appear. In particular Universes with 
different physical laws (field equations) are described by different algorithms. The length of these algorithms then 
affects the probability that this Universe with a certain set of physical laws will fiuctuate into existence. 

The above discussion leads to the idea that the physical laws of a Universe are in some sense dynamical. We will 
take the dynamical nature of the physical laws for different Universes as non-differentiable or discrete quantity. The 
non-differentiable dynamics can have two manifestations : 

• The cosmological appearance of a Universe with certain physical laws. 

• The quantum fluctuations of physical laws at the level of the spacetime foam {e.g. at the Planck scale). 

The first case was discussed above - see Eq. (^!l|) . As an example of the second case consider a 5D spacetime with a 
mostly non-dynamical 55 metric component. Thus for most of spacetime we have 4D gravity -t- electromagnetism, i.e. 
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5D Kaluza-Klein theory in its initial interpretation. However, there are small regions where the 55 metric component 
is a dynamical variable and one has full 5D gravity. These fully dynamical regions can be thought of as quantum 
handles in the spacetime foam Q . 

We will now give mathematical details to this hypothesis about the connection between algorithmic complexity and 
the probability for the existence of a given Universe with certain fields and certain physical laws. 



II. KOLMOGOROV'S ALGORITHMIC COMPLEXITY 



The mathematical definition for algorithmic complexity (AC) is 
The algorithmic complexity K{x \ y) of the object x for a given object y is the minimal length of the "program" P 
that is written as a sequence of the zeros and ones which allows us to construct x starting from y: 

Kix\y)= min 1{P) (II.l) 

A{P,y)=x 

1{P) is length of the program P; A(P, y) is the algorithm for calculating an object x, using the program P , when the 
object y is given. 

This definition gives us an exact mathematical meaning to the word "simple" in the spirit of Einstein's above- 
mentioned statement. In the next few sections we will demonstrate this idea of the connection between algorithmic 
complex and cosmology and gravity with some examples. 



III. A TOY MODEL FOR THE BIRTH OF MINKOWSKI SPACE 



In this section we sketch a model for the emergence of 4D Minkowski spacetime from a collapsing 7D spacetime 
as the result of a quantum fluctuation. The probability for this transition to occur is linked with the algorithmic 
complexity of the equations describing either the 4D Minkowski spacetime or the empty 7D spacetime Q . Since this 
transition involves a discrete change in the number of spacetime dimensions it can not be described by classical or 
quantum field theory. It must be described by some non-diffcrentiable (discrete) mechanics. We start with an empty 
7D spacetime with the metric given by 

ds^ = dt^ - a^{t)dll - b^{t)dll, (III.l) 

where dZf = dx^ + dy^ + dz^ is the metric of the 3D flat space ; — du^ + dv"^ + dw^ is the metric of the extra 
dimensions (ED) which are also a flat space. The 7D Lagrangian is ^ 

L = VGRjd = {RiD + (cross terms) + Red) (111.2) 

here Red — 0', G is the determinant of the 7D metric; Rjd and R^e) are the scalar curvature of the 7D and 4D spaces 
respectively. The Einstein vacuum field equations have the following form 

(111.3a) 
(III.3b) 
(III.3c) 

where ( ' ) is the derivative with respect to t. This system has the following exact Kazner solution 
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a = ao (^-— j ; ^^^"^yyj ! ^"^^'^ (III.4a) 

„ = ^ = i±^ ,m.4t) 

where oq 3> 6o S> Ipi and ai = bi = Ipi {Ipi is the Planck length). This represents a collapsing 7D spacetime. The 
scalar curvature is 

^ — ^ + ^+ 3"^ + "^ + ^^ (III 5) 
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for these constants ao,i and &0.1 the Ricci scalar is i? « when \t\ « tpi. 

At times close to the Planck time {\t\ « tpi) we will assume that quantum fluctuations between spacetimes of 
different dimensions is more likely. Thus there should be some likelihood of a spontaneous transition from a 7D to a 4D 
spacetime, so that three of the extra spatial dimensions of the 7D spacetime become non-dynamical. Mathematically 
this is written as 

Ltd — > L4D (III. 6a) 

G (i?4_D + {cross term)) — > y/—gRiD, (III. 6b) 

where g is determinant of the 4D metric. The form of the 4D metric is a lower dimensional version of the 7D metric 

ds^ = dt^ - a^{t)df (111.7) 



where the element d/^ = dlf from Eq. ( ilLl ). Einstein's equations for this metrics are: 

J = 0, 



2^ 

a 



These equations have the following simple solution 



0, 



const. 



(111.8a) 
(111.8b) 

(III.9) 



which is just 4D Minkowski spacetime. The proba bility for su ch a fluctuation to occur is determined by the AC of 
the 4D versus the 7D case. Looking at equations ( III. 3 ) and ( [II. 8 ) one can see that the AC of the 7D Universe is 
larger than for the 4D Universe since the system of equations are more complex (the number of equations describing 
the 7D case is larger than the number of equations describing the 4D case) . 

A summary of this idea of the emergence of a lower dimensional Universe from a higher dimensional one goes as 
follows 



• First, for i < we have an empty 7D Kazner Universe {—00 < t < 0) evolving according to ([II.3). This solution 
is collapsing toward a singularity at t — 0. 

• Second, at time |t| « tpi a quantum fluctuation of the dimensionality of spacetime takes place. This results 
in a quantum splitting off of the ED, i.e. three of the six spatial dimensions from the 7D Universe become 
non-dynamical resulting in an effective 4D Universe. 

• Third, the linear 4D scales (oq for 3D space and 60 for the other three EDs) become fixed, classical variables 
whose values are determined by the values they took just before the splitting off of the EDs. Thus we have a 
static, 4D, Minkowski Universe with three non-dynamical EDs. 

The probability P for this transition from a multidimensional Universe to a 4Z3 Universe is determined by the AC of 
the two Universes. Mathematically we can write 



0-K2 



mulUD^iD — 



(III.IO) 



where K12 are resp ectivel y the AC of the multidime nsiona l and the 4D Universes described by the algorithm s (sys tem 



of equations) ( III.3| ) and ( 111.81 ). Since the system ( III.3| ) is larger (i.e. more complex) than the system ([II. 



will assum e Ki '3> K2 (even in simple cases the detailed calculation of AC is a very complicated problern) 
Eq.([II.10) can be approximate as follows: 



we 
Thus 



P, 



multiD — '4D 



(iii.ii) 



IV. FLUCTUATION OF THE METRIC SIGNATURE 

In this section we present a variation of Bousso and Hawking's idea ||^ that the Universe began as an Euclidean 
space, i.e. spacetime with Euclidean time, and later evolved into a Universe with Lorentzian signature. The variation 
that we want to consider is that the Universe started out as a multi-dimensional space with its metric fluctuating 
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between Euclidean and Lorentzian signatures At some point on the boundary of this space a transition to a 4D 
Universe with a definite signature takes place. 

Since the metric signature is not a continuous variable its dynamics can not be described by differential equations. 
To see this consider the multi-dimensional metric. 

dsfMD) = Vab {h^dx'') (/igdx^) (IV.l) 

ry^g is the signature of the metric with viel-bein indices A,B — 0, 1, 2, 3, 5, 6, • • • . x^ are the coordinates on the 
total space of the principal bundle with a structural group G, and C, D are the multidimensional (MD) coordinate 
indices. The metric on the total space of the principal bundle (we will consider gravity on the principal bundle) can 
be rewritten 

dsfMD) = V-ab {Kdx^ + hldx^) (hldx- + hldx^) + rj-^, (/igdx") {h^dx") (IV.2) 

a, b are the viel-bein indices for the fibre of the principal bundle, and c, d are the coordinate indices on the fibre; 
p,,D and a, (3 play the same role for the 4D base of the principal bundle. For the continuous quantities, Hq, we 
have gravitational equations, but rj^g are discrete (non-differentiable) quantities without dynamical equations. Thus 
the dynamics of the metric signature, r]^g, can not be described by differential equations. We will instead apply a 
quantum-like description for these degrees of freedom. This description will be stochastic along the general lines of 
't Hooft's proposition that quantum gravity may be a stochastic phenomenon The gravitational field equations 



on the principal bundle are deduced in Appendix M). In the following subsection (IVA) we take A1.2 = 



A. The 5D Fluctuating Universe 

In this subsection we consider the scenario where at the origin of the Universe a fluctuation between Euclidean 
and Lorentzian metrics occurs. This is a modification of an idea initially proposed by Hawking where there may be 
regions of the Universe with Euclidean or Lorentzian signatures. The boundary between these two regions represents 
some quantum fluctuation between the different metric signatures. Such transitions between metric signatures could 
occur in the very Early Universe on the scale of Planck length. 

We start with a vacuum 5D Universe with the metric 

ds^5) = adt'^ + h{t) {d^ + cos edipf + a{r)dnl + r^e^'^^*) [dx ~ uj{t) {d^ + cos 0dip)f (IV.3) 

here tr = ±1 for the Euclidean and Lorentzian signatures respectively. The 3D space metric dP = b{t) (d^ -I- cos 9dipf' + 
a{r)d^\ describes the Hopf bundle with an fibre over an base. In the 5-bein formalism we have 



here A, B are the 5-bein indices and 



ds%) = ?7ABe^e^ (IV.4) 

ilAB - (±1,+1,+1,+1,+1), (IV.5a) 

e° = dt, (IV.5b) 

Vb{d^ + cos 0dip), (IV. 5c) 

y/^de, (IV.5d) 

= y/a sin 9dip, (IV. 5e) 

= roe'^[dx-uj{t){d^ + cos0dip)] (IV.5f) 

According to the following theorem 

Let G be a structural group of the principal bundle. Then there is a one-to-one correspondence between the G- 
invariant metrics 

ds^ = (p{x°') ((7° + A^^dx^")^ + g^^{x°')dx>'dx'' (IV.6) 

on the total space X and the triples (g^,y, AJ^, (^). Here g^u is the 4D metric on the base; A^j^ are the gauge fields of 
the group G (the off-diagonal components of the multidimensional metric); dP = a°^aa is the symmetric metric on 
the fibre a = 5, • • • , dim G is the index on the fibre and /i = 0, 1, 2, 3 is the index on the base. 
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the metric in Eq. (iV.S) has the following electromagnetic potential 



A = uj{t) {d^ + cos 0d(p) 



For this potential the Maxwell tensor is 



which yields an electrical field like 



and a magnetic field like 



F^dA 



e°Ae 



The 5D, vacuum Einstein equations |q] resulting from Eq. (IV.S) are 



Goo « 2-r- + 4— + 2— + — + (t( — -- 



Gn oc Aijj + Aij/ + 4- + 4— 
a a 



G22 = G33 cx 4^/^ + 4^^^ + 2- + 2 




(IV. 7) 
(IV.8) 
(IV.9) 
(IV. 10) 

{aHl - El) = 0, (IV.lla) 
le'^^iaHl-El) = 0, (IV. lib) 

0, (IV.llc) 
0, (IV. lid) 
(IV.lle) 



|e2^ {aHl + El) 
b 



where G^g — Rab ^ ^VAS^ the Einstein tensor. Our basic assumption is that at the Planck scale there can exist 
regions where a quantum fl uctuat ion between Euclidean and Lorentzian metric signatures occurs. There are two copies 
of the classical equations (IV.ll): one with a = +1 and another with a = —1. It is this quantity a which we take 
as having quantum fluctuations between its two discrete values. The ba sic question under this assumption is how to 
calculate the relative probability for each pair of equations from (IV. 11) (the ones with a = +1 versus the ones with 
^ = -1)- 

We will define the probability for each pair of equations in terms of the algorithmic complexity of each pair. We can 
diagrammatically represent the fluctuations between the Euclidean and Lorentzian versions of Einstein's equations in 
the following way 



-1 



(G+)oo 
(G+)„ 

(G+)52 
(G+)33 



cr = -1 

(G )oo 
(G-)n 
(G-)22 

(G-)33 
(^-)55 



(IV. 12) 



The signs ± indicates if the equation belongs to the Euclidean or Lorentzian mode. Expression ( [V.12| ) sums up the 



idea that treating tr as a quantum quantity leads to quantum fluctuations between the classical equations: (-R^)^^ 
(i?~)^^ or (G"*")^^ i^~)AB- "^^"^ probability connected with each pair of equations [R^j^ or G^^) is determi', 
by the AC of each equation. 
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Fluctuation (i?^)^ 



(R )25. The i?25 equation in the Eudidean and Lorentzian modes is respectively 
/ n h .\ h 

(IV. 13a) 

^Lj = 0. (IV. 13b) 



a b b 

uj + uj [ \ 2^ = 0> 

\ a 2b / 



Let us consi der the -0 = case (below we will see that this is consistent with the i?55 equation). It is easy to see that 
Eq. (IV. 13a) can be deduced from the instanton condition 



ijj _|_ 



(IV. 14) 



The second equation (IV. 131) does not have a similar simplification via the instanton condition (IV. 14). This is just 
the well known fact that instantons can exist only in Euclidean space. Based of this simplification from a second 
order equation (IV. 13a) to a first order equation (IV. 14) we consi der the Euclidean equation (IV. 13a) simpler from 
an algorithmic point of view than the Lorentzian equation (IV. 13b). To a first, rough approximation we can take the 
probability of the Euclidean mode as « 1 and for the Lorentzian mode as « 0. Strictly the exact definition 
for each p^j^ is 



(IV.15) 



where is the AC for the i?^^ — or G^^ ~ eq uation. 



For i^2^ <C have 



1 and ~ 0- 



The expression for the probability in Eq. ([V.15) can be seen as the discrete variable analog of the Euclidean path 
integral transition probability. For a continuous variable the Euclidean path integral gives the probability for the 
variable to evolve from some initial co nfigura tion to some final configuration as being proportional to the exponential 
of minus the action (oc e"'^). Eq. (IV.15) is similar, but with the AC replacing the action. The denominator 
normalizes the probability (it is a sum rather than integral since we are dealing with a discrete variable). 

b. Fluctuation [R^]-^^ < — > (i?^)gg. The -R55 equation in the Euclidean and Lorentzian modes is respectively 



a b 2 ' 

+ + U + + ie^^' {-H^, + El) = 0, 
a b 2 ^ ' 



The Lorentzian mode ( IV. 16b ) has a trivial solution 



V' = 



(IV. 16a) 
(IV. 16b) 

(IV. 17) 



provided the instanton condition {i.e. — E^) holds. Thus for this equation we take the Lorentzian mode as having 
a smaller AC, and in the contrast with the previous subsection, the Lorentzian mode has the greater probability. 
Again to a first, rough approximation the probability of the Euclidean mode is p^g « and consequently for the 
Lorentzian mode p^j « 1 . 

c. Fluctuation (G+)jj < — > (G^)jj and G^ < — > G22 Taking into account ( IV. 17 ) we can write these equa- 



tions as 



■d fb 4\ a' 
4- + f7 3— -- - — 
a \ a"^ a J 



rl {aHl El) = 0, 



52 



a ab 
2- + - 
a ab 



(IV. 18a) 
(IV. 18b) 



For the Euclidean mode (ct = +1) with th e instanton condition ( |IV.14 )) one can have b ^ a (an isotropic Universe) 
which reduces the two equations of (iV.lJ) to only one equation 



4^-^-1=0. 
a a'^ a 



(IV. 19) 
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For the Lorentzian mode (cr = — 1) h ^ a (an anisotropic Universe) there are still two equations 



b a ab o? b 

2- - + 2- + — - ^ + ^ 



H 



0, 



62 



El) = 0, 



(IV.20a) 
(IV.20b) 



Thus under the instanton condition ( [V.14 ) and = we find that the Euclidean mode ( IV. 19) effec tively reduces 
to one, second order equation which corresponds to an isotropic Universe; the Lorentzian mode ([V.20) still has two, 
second order equations which describe an anisotropic Universe. Thus we assign the Euclidean mode the smaller AC 
and as for the previous equations make the rough approximation « 1 for the Euclidean mode, p^^ « for the 
Lorentzian mode. 

d. Fluctuation (G+)og < — > (G^^ 



-'00 



T 



a 



ab 
) 

ab 



The equation Ggg = has the following form 
2 / 4 5 



a Hi -E?) ^0 



(IV.21) 



Assuming all the previous conditions (the instanton condition, -0 = 0, and b = a) the Euclidean mode equations 
become 



a' 1 „ 

--- = 

a 



(IV.22) 



while the Lorentzian mode equations become 



E 



0. 



(IV.23) 



The instanton condition again implies that the Euclidean mode has a smaller AC. Thus to a first, rough approximation 
we take « 1 and p^^^ « 0. 

e. Mixed system of the equations Under the approximation where the probability associated with each of 
the equations in (IV. 11) is p w or 1 the mixed system of equations which describe a Universe fluctuating between 
Euclidean and Lorentzian modes 



1 

- - = 0, 



d a 1 

4 = 0. 

a a'' a 



(IV.24a) 
(IV.24b) 

(IV.24c) 



here b = a, ip = and the instanton condition are all assumed to hold. This system of mixed Euclidean and 
Lorentzian equations has the following simple solution 



a 
ui 



t' 



t\ 



(IV.25a) 
(IV. 25b) 



/. The mixed origin of the Universe The following model for the quantum birth of Universe has been ad- 
vanced by Hawking : one begins with an Euclidean space of the Planck size {R'^^ S'^ or some other smooth non-singular 
Euclidean space); then a Lorentzian Universe emerges from a boundary of this initial Euclidean piece. In this scenario 
the Euclidean and Lorentzian spaces are connected by a hypersurface with a mixed signature. 

In this section we present a variation of this picture for the quantum mechanical origin of the Universe. We assume 
that the Universe begins as a quantum fluctuating system between Euclidean and Lorentzian modes. Then at some 
point in time there is a quantum transition to the Lorentzian mode. 

To support these statements mathematically we begin by calculating the average of the Ricci scalar 

(R{a)^=p+R{a = +l)+p-R{a = -1) (IV.26) 
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where p'^ and p are the probabiHties for the scalar curvature with a = +1 and ct = — 1 respectively. Using 

-^R{a)^G% + Rl (IV.27) 

and averaging gives 

-^(w) = pL{GX+P~AGX+ptUR^)l+p^UR-)l 

Thus for the mixed system of equations we find 

(^R{a)^^ 0. (IV.29) 

In this toy model the Universe originates from an empty, multidimensional, non-singular (in the sense that (i?(cr)) = 0), 
spacetime of Planck scale size (r < rp; ) . In our model the spacetime is iW* x S*^ , with iW* being a space with fluctuating 
metric signature: Euclidean Lorentzian. At some point a quantum transition to the Lorentzian mode occurs, and 
at the same or later time the 55 component of the metric becomes a non-dynamical quantity. Thus the fluctuation of 
the metric signature of the original Planck scaled, 5D Universe leads to a 4D Lorentzian Universe and a "frozen" or 
non-dynamical 5*'' dimension. 



B. The 7D Fluctuating Universe 



In this subsection we study a 7D cosmological solution with a fluctuating metric signature as in the last subsection. 
We take the gauge group of the EDs a,s Q — SU{2), with the 7D metric taking the form 



ds^ = b (a;") (lu'' + Al (a;") da;^) (wa + Aa^ (x") dx^") + (x") dx^'dx". 



(IV.30) 



Most of the calculational details for this 7D metric are given in Appendix (^). 

The total space of the principal bundle is denoted as E; the structural group is denoted as G- The factor-space 
Ti = E/Q is the base of the principal bundle, and is described by the 4D metric 



ds^4) - (h^dx'^) {h^dxP) 



which is the last term in Eq. (IV.30). We now insert a 4D cosmological constant term into the MD action 



S = j {R + 2Ai) + j (2A2) ^\d^x ^ j j {R + 2Ai) ^Md^'v + 2A 



g\d X 



(IV.31) 



(IV.32) 



R is the Ricci scalar and Gab = Vcd^a^b ^^'^ metric on the total space; g^u = 'Hg^ph'^h^ is the 4D metric on 
the base of the principal bundle; ^ab = Vcd^a^t ^^"^ metric on Q; G, g and 7 ar e the a ppropriate metric determinates; 
A1.2 are the MD and 4D A-constants; N = dim(^). The MD action of Eq. ( IV.32| ) has several points in common 
with the 4D EYM action considered in Rcf. jl^ (non-zero cosmological constants and effective SU(2) "Yang-Mills" 
gauge fields). Eq. (IV.32) also has a connection to the action for the Non-gravitating Vacuum Energy Theory [ p^ . 
In Ref. ||l^ Gucndelman considers an action which has degrees of freedom which are independent of the metric, with 
the resulting action having two measures of integration (involving metric and non-metric degrees of freedom). Eq. 



IV.32| in corporates two distinct degrees of freedom : the continuous variables, and the discrete variables, iiab- 



Rcf. ||18[ both the metric and non- metric degrees of freedom were continuous. 

The independent, continuous degrees of freedom are: the vier-bein /i(J(x"), the gauge potential /i°(a;") = A'^{x°') 
and the scalar field b{x°'). is defined as 



OJ 



eldx^ 



(IV.33) 



x^ are the coordinates on the group Q\ cj" are the 1-forms satisfying 



(IV.34) 
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are the structural constants of SU(2). Varying the action in Eq. ([V.32) with respect to ft," and b leads to (see 
the Appendix for details) 



Rap. — 0, 
pa _ ' 



Ai 



A^ 

63/2 

53/2 



(IV.35a) 
(IV.35b) 
(IV.35c) 



Eg. (IV. 35a ) are the Einstein vacuum equations with A-terms; Eq. ( IV. 35b ) are the "Yang-Mills" equations; Eq. 
(IV.35c)is reminiscent of Brans-Dicke theory since the metric on each fibre is symmetric and has only one degree of 
freedom - the scalar factor bh 



We now investigate Eqs. (IV.35a)-(IV.35c) using the ansatz 

ds^ = adf + b{t) + Aldx*") [oja + Aa^.dx'') + a{t)dnl 



(IV.36) 



a — ±1 describes the possible quantum fluctuation of the metric signature between Euclidean and Lorentzian modes, 
A'^ are SU(2) gauge potentials, c?ri| = dx^ + sin^ x {d9^ + sin^ Odtj)^) is the metric on the unit sphere and — 
t, x^ = X, = 6, x^ = (j),x^ = a, x^ = /3, x'' = 7. {a, f3, 7 are the Euler angles for the SU(2) group) 



UJ 



(sin adj3 sin [3 cos 0:^7) , 
- - (cos adj3 + sin fi sin ad'y) , 



1 



[da + cos /3c?7). 



The off-diagonal components of the MD metric take the instanton-like form [|9j |20) 

1 



Al 



{— sinflcosiys; — sin 6* sin 1^9; cos0} {f{t) — 1), 
{-sin.^;-cosv9;0}(/(i) - 1), 
{0;0;l}(/(i)-l). 



Substituting into Eqs. (IV. 35a)- (IV. 35c) gives 



1 
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TDa p5 


(Tb 

" "2 6 
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+ 6 


ab^ 
4 62 


3 db 
a — 

4 ab 


1 6 

^ 

8a 






3 62 

4 62 


3^4 
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9 db 
' I'd) " 


3 d2 
^ 16^ " 


3 6 

" 16a 


Gil — 


3 6 3 
^6^6 


a 

+ cr- - 
a 


1 

h 

a 


3 db 
2^06 


cr a 

~ 4^ " 


1 6 
16 a 








G27 


= 2/4 


bf 


^-4 



Ai 



2A2 

53/2 



Ai 



A^ 

63/2 



a a 

f2 u2 j^a j^ai 



G^g — Rab ~ {^/'^)VabR^ i = 1,2,3 are space indices; the "electromagnetic" fields are 

1 



rpa _ rpa Tja 



(IV.37a) 
(IV.37b) 
(IV.37c) 

(IV.38a) 
(IV.38b) 
(IV.38c) 

(IV.39a) 
(IV.39b) 
(IV.39c) 
(IV.39d) 
(IV.39e) 

(IV.40) 



F^j^ is the field strength tensor for the non-Abelian gauge group. The wormhole instanton of Ref. had a vanishing 
"electric" field. In contrast the solution studied here has both non-vanishing "electric" and "magnetic" fields. 
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As in the 5D case we assum e a qua ntum fluctuation between Euclidean and Lorentzian modes which can be described 
by a diagram similar to Eq. ( |IV.12| )) 



CT = +1 



cr = -1 



(G''')oo 
(G+)„ 

{G+h-7 



)oo 
(G-)n 



As in the 5D case we will estimate the probability for each pair of equations in ( [V.41 ) 
g. Fluctuation (G~^)2f < — > {G~)y! This equation in the Euclidean mode is 

2/ + 5^ + ^-i/(/2-l)=0 
b a a ^ ' 



which has the instanton solution 



/ = 



(IV.41) 



(IV.42) 



(IV.43) 



where 



Eq. (IV.43) implies the instanton condition 



b = bn = const 



In the Lorentzian mode 



2/ 



5^ + ^ + i/(/2-l)=0 
baa 



(IV.44) 
(IV.45) 

(IV.46) 



and the instanton solution ([V.45) is not a solution of ( IV.46D , since the non-sing ular, in stanton solution exists only 
in the Euclidean case. Thus in terms of the AC criteria the Euclidean equat ion (|IV.42 ) is simpler than Lorentzian 
equation ([V.46), since it is equivalent to the first order differential equation ( IV.43| ). 

To a first, rough approximation we set the probability of the Gj? = equation for the Euclidean mode to pjy w 1 
and the Lorentzian mode to ~ 0. The exact definition for each p^g probability is given in Eq. ( IV.15| ). If 
^ K2'j we have pjy « 1 and p^-, w 0. 

h. Fluctuation (i? < — > (-R )5 This equation in the Euclidean and Lorentzian modes is respectively 



1 b 




2 


162 


3 ah 


1 6 


~ 2b 


+ 


b 


4 62 


" I'd) 


+ 8a 


1 b 


2 




162 


3 ab 


16 

8a ^ 


25 + 


b 


+ 


4 62 + 


lab + 



2 /. 2A2 



(IV.47a) 
(IV.47b) 

The Lorentzian mode equation is simpler because the two last terms annihilate as a consequence of the instanton 



i/2 = 



2 2A2 



condition ([V.45). To a first rough approximation we set the probability of the i?g equation for the Euclidean mode 



to ~ and the Lorentzian mode to w 1 . 

i. Fluctuation (G^)gQ < — > {G^)^^ This equation in the Euclidean mode and Lorentzian mode is respectively 



3 62 _ 
■ + 462 

3 62 3 

4 62 + a 



3 6 



loo 

3 9a6 3 a2 
a Aab 16 a2 16 a 
9db 3 a2 3 6 



(i?2 



Aab 16 a2 16 a 



Ai 
Ai- 



' 63/2 

A^ 

53/2 



(IV.48a) 
(IV.48b) 



In this case because of the instanton condition (IV.45) the Euclidean equation is simpler and therefore in the first 
rough approximation we can set the probability of the Gpg — equation for the Euclidean mode to p^^ sa 1 and the 
Lorentzian mode to p^^ « 0. 
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j. Fluctuation {G^)jj < — > (G )jj This equation in the EucUdean mode and Lorentzian mode is respectively 



36 


3 


a 


1 


3 d6 


la2 


1 6 


26 " 


-6^ 


a 


- 4 

a 


2 a6 




' 16 a 


36 


3 


a 


1 


3 db 


la^ 


1 6 


2 6 " 


6 ^ 


a 


a 


2ab ^ 


^ 4a2 


16a 



Ai 

Ai- 



A2_ 

' 1,3/2 

A2_ 

63/2 



(IV.49a) 
(IV.49b) 



As in the previous paragraph, as a consequence of the instanton condition (IV.45), the EucUdean mode is simpler. 
Therefore in the first rough approximation we set p^^ ~ 1 and p^^ w 0. 

k. Mixed system of equations The mixed system of equations for the 7D spacetimc with fluctuating metric 
signature is 









2/ + 


bf 


a a 


-1) 


= 0, 






16 

26 " 


2 

^6- 


162 

^ 4 62 " 


3 ab 
^ I'd) ' 




i/2) 




Ai + - 


3 

~6 " 


3 62 
^4 62 


3 

- + 
a 


9a6 
4^ ^ 


3 d2 
' 16 a2 


3 6/9 
(e^ - 

16 a ^ 






63/2 


36 

26 " 


3 a 
6 a 


1 

a 


3 a6 
^ 2ab 


ld2 

4a2 


16,, 
16 a ^ 


i/2) 




63/2 



2A2 

63/2 



The solution for this system is 



a = r 



/ 
6 
Ai 
A2 



bci = const, 
1 

-2Vbo. 



(IV.50a) 
(IV.SOb) 
(IV.50c) 
(IV.SOd) 

(IV.51a) 
(IV.Slb) 
(IV.51c) 
(IV.Sld) 
(IV.51e) 



The existence of this solution is somewhat surprising ! Normally in any dimension the Bianchi identities are satisfied. 
Therefore some gravitational field equations are not independent of the others. Ordinarily the superfluous equations 
are associated with initial conditions {i.e. Eq. (IV. 50c) above). In our case the mixed system above comes from a 
model with a varying metric signature. As a consequence the Bianchi identities are not correct and this system should 
be unsolvable. Evidently the solution is a c ondition for the solvability of the mixed system which uniquely defines the 
A-constants. If the solution in Eqs. ([V.51) is unique then it must be absolutely stable. 
The physical meaning of this solution is: 



Eq. ( IV. 51a ) implies a flat 4D Einstein spacetime that is not effected by matter. 



Eq. (IV.51t) implies a Polyakov - 't Hooft instanton gauge field configuration which is not effected by gravity. 



• Eq. (IV. 51c) implies a frozen ED. 

• Eqs. ( [V.51d| )-(IV.51e) imply that the dynamical equations unic^uely determine the Ai,2-constants. 

It is interesting to note that the effective cosmological constant terms on the right hand side of Eqs. ( IV.35a| ) (IV. 35c) 
{i.e. Ai and A2/63/2) are inversely proportional to the size of the ED, 69. Thus in order to have a small cosmological 
constant term one needs to have a large ED. This could be seen as supporting the large extra dimensions scenarios 



C. Physical applications of the solutions 



1. Regular Universe 



We can interpret the 5D and 7D solutions as a 4D Universe with fluctuating metric signature, filled with a U(l) 
and SU(2) instanton gauge field and frozen ED. Surprisingly this Universe has only one manifestation of gravity: the 
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frozen ED that result from the fluctuating metric signature. These model Universes are simple examples of possible 
effects connected with the dynamics of non-differentiable variables. 

2. Non-singular birth of the Universe 

Various researchers {e.g. see Ref. [D) have speculated about the quantum birth of the Universe from "Nothing" . In 
light of this we can interpret a small piece (with linear size of the Planck length « Ipi) of our model 5D/7D Universe 
as a quantum birth of the regular 4D Universe. In contrast to other scenarios this origin has a metric signature 
trembling between Euclidean and Lorentzian modes. Further we postulate that on a boundary of this spacetime there 
occurs 

• a quantum transition to only one Lorentzian mode with a fixed metric signature. 

• a splitting off the ED so that the metric on the fibres (/iJJ) becomes a non-dynamical variable. After this splitting 
ofl[ the linear size of the gauge group remains constant yielding ordinary 4D Einstein- Yang-Mills gravity. 

These assumptions about a quantum transition from fiuctuating metric signature (±1,-|-1,-- - ,+1) to Lorentzian 
signature (—1, -t-1, • ■ ■ , -t-1) and a splitting off of the ED should not be seen as something extraordinary and new, 
but rather as an extension of our postulate about the quantum birth of the regular 4D Universe, discussed above, 
with certain laws (gravitational equations -I- non-differentiable dynamic). The present case can be seen a quantum- 
stochastic change or evolution of these laws (here this involves only the quantum transition of 7700 and the splitting 
off of the ED). 

The probability for the quantum birth is 

P w Ne^^ (IV.52) 

where S is the Euclidean, dimensionless action, which should be S* « 1 in Planck units. The factor N is of more 
interest, since it contains information about the topological structure of the boundary of the origin. 

The probability for the quantum-stochastic transition to Lorentzian mode and splitting off of the ED should be 
determined by the AC of the final and initial states. Such a quantum-stochastic transition can occur only if the final 
state with Lorentzian mode and splitting off of the ED is simpler than the initial state with the ffuctuating metric 
signature and dynamic ED. 

V. ALGORITHMIC COMPLEXITY APPLIED TO NON-COSMOLOGICAL SYSTEMS 

In the following three subsections we give examples of the application of algorithmic complexity to various non- 
cosmological systems. First, we study a composite wormhole which consists of a 5D throat region connecting two 
Reissner-Nordstrom blackholes. Second, we estimate the entropy of the simplest vacuum solution to 4D gravity: the 
Schwarzschild black hole. Finally, we look at the path integral in gravity in terms of AC. 

A. A composite 5D wormhole as the sum of Holographic principle and the AC idea 

In this section we construct a composite wormhole by connecting two 4D Reissner-Nordstrom solutions via a 
5D wormhole-like throat. There are two holographic surfaces located between the two Reissner-Nordstrom and 5D 
solution. For the Reissner-Nordstrom solution the surface is an event horizons, and for the 5D solution the surface 
is a T— horizon (the properties of T— horizons is discussed below). The main idea of this subsection is that such a 
composite object is simpler in terms of AC than either component separately. This follows from the fact that the 
Reissner-Nordstrom solution has a very complicated time dependent metric under the event horizon whereas the 5D 
throat does not. In contrast, outside the event horizon the 4D Reissner-Nordstrom solutions is simpler than the 5D 
throat. 

We begin by considering the 5D wormhole-like metric 



ds^ = A(r)dt2 - dr"^ - a(r)d^f + -rlA{r)idx - oj{r)dtf 



(V.l) 
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X is the extra, 5*^ coordinate. The metric is symmetric around r = 0. The 5D vacuum Einstein equations are 



2oj'^+uj'- = 0, (V.2b) 



A2 a 

These equations have the following solution 



—1— -'.III 

A a 

^''+--4-r?AV^ = 0, (V.2c) 



(V.2d) 



a = rl+r^, (V.3a) 
A - ;f fel, (V.3b) 



2ro 
4r2 



rig — Tq 



(V.3c) 



Where tq > and g are constants. 

The composite wormhole that we consi der |]lo|] consists of two 4D Reissner-Nordstrom black holes which are con- 
nected by the wormhole- like solution of (V.3). One interpretation for this composite wormhole is as a model of a 
quantum handle in the spacetime foam. The 5D and 4D physical quantities must be "sewn" together by the following 
conditions: 

-1 - r^c^o'Ao - Gtt (±ro) = gtt - 0, (V.4a) 
uq = Ggei±ro) = ggg{r+) ^ r1, (V.4b) 

G and g are 5D and 4D metric tensors respectively, and r+ is the event horizon for the Reissner - Nordstrom solution. 
The quantities with the (0) subscript are evaluated at r = irg. Note that G'tt(±ro) — and ds^ = on the surfaces 
r = ±ro. Hypersurface such as r = zLtq have been called T— horizons by Bronnikov ijlTI . 

G^t can be connected to the 4D electric field by examining the 5D {Rxt — 0) and 4D Maxwell equations 

[a^uj'A^)]' ^0, (V.5a) 

(r'Er)' - 0, (V.5b) 

Er is the 4D electric field. These two equations are essentially Gauss's law; they indicate that some quantity multiplied 
by an area is conserved. In 4D this quantity is the 4D Maxwell electric field. We can naturally join this 4D, Reissner 
- Nordstrom electric field, Eun = e/r^, with the Kaluza - Klein, "electrical" field, Ekk = w'A^, on the event and 
T— horizons 

lu'^AI = ^ = Ekk = Ern = ^- (V.6) 
ao rX 

It is interesting to note that the event and T— horizons can be viewed as holographic surfaces which can be used to 
define the whole spacetime [|l^ ||l^. To show this we consider the 4D and 5D metrics in turn. The metric for the 
Reissner-Nordstrom spacetime is 

ds^ = S{r)df - ^ - ^ gi^2 g^^2^ ^ 

d(r) 



and the electromagnetic potential is 
The Einstein - Maxwell equations are 



A,, = {Loir),0,0,0}. (V.8) 



r 



Y 



l-S 


K ,2 

= r ' 


(V.9) 


S' 
r 


H ,2 

2 ' 


(V.IO) 




_ q_ 


(v.ii) 
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Eq. (V.IC) is a consequence of (V.9) and (V.ll). For the Reissner - Nordstrom blackhole the event horizon is defined 



by the condition S(rg) — 0, where is the radius of the event horizon. Hence in this case we see that on the event 
horizon 



, 1 K 



/2 



(V.12) 



here (g) means that the corresponding value is evaluated on the event horizon. Thus the Einste in equ ation, Eq. ( |V.S| ), 
is a first-order differential equation in the spacetime outside the horizon (r > Vg). Condition ( V.12| ) tells us that the 
derivative of the metric on the event horizon is expressed through the value of the metric on the event horizon. This 
shows that the Holographic principle applies in this case since the spacetime can be determined from information on 

some surface (the event horizon). 

Now we consider the 5D WH-like metric (V.l) with field equations (V.2). On the T— horizon A(±ro) — 0, and 
therefore from Eq. ( V.9 ) we have 



(V.13) 



The signs (±) correspond, respectively, to (r = =F''o) where the T— horizons are located. This also indicates that the 
Holographic principle applies to the T— horizons. 

From an algorithmic point of view we can now argue that such a composite structure is more likely to occur than 
either the 4D Reissner-Nordstrom or 5D wormhole solution separately. The AC of the interior, throat region of the 
composite system is calculated with one algorithm (the 5D Einstein vacuum equations) while the AC of the exterior 
region is calculated with another algorithm (the 4D Einstein-Maxwell equations). Because the AC of the interior 
region can be calculated from the Holographic principle using the T-horizon, its AC is simpler than if it had been 
calculated from the 4D Einstein-Maxwell equations algorithm especially since the metric under the event horizon is 
time dependent. The AC of the exterior region can be calculated from the Holographic principle using the event 
horizon, with the 4D Einstein-Maxwell equations as the algorithm. Thus the exterior regions AC is simpler if it is 
calculated using the 4D Einstein-Maxwell equations rather than the 5D vacuum Einstein equations. Applying the 
Holographic principle and ideas of AC we have found that the composite wormhole has a lower AC than either solution 
separately. Such a composite wormhole is only expected to be important at the Planck scale. 



The AC of the Schwarzschild black hole. 



Beckenstein |15 and Hawking have shown that an entropy can be associated with a black hole. The entropy 
is connected the area of the black hole's event horizon. Usually the concept of entropy arises in statistical systems 
where one has a great number of particles. However, in the case of the entropy of a black hole one associates an 
entropy with a single object {i.e. the black hole). In some sense AC is a concept similar to entropy. In this section 
we will estimate the AC for a Schwarzschild black hole. 

For some gravitational field configuration the AC is determined, according to the definition (|L1|), by the smallest 
algorithm which yields this configuration (i.e. which yields the metric). Thus the Einstein equations are the algorithm 
for calculating the gravitational field configuration. In order to calculate the metric for the whole spacetime one must 
have, in addition to Einstein's field equations, some initial and/or boundary conditions. 

In order to estimate the AC for the Schwarzschild black hole we write the metric in the following form: 

ds^ = dt^ - c^^^'^Ur^ - r^{t, R) [dO^ + sin^ Odcj)'^) , (V.14) 
for which the Einstein's equations are: 

- e"^/ V 2rf + f2 + I = 0, (V.15a) 

-— (2r"-r'A') + — + A+ — + — = 0, (V.15b) 
r t 2 r 

-'^ (2rr" + r'"^ ~ rr' + ^ (ra\ + + Ij =0, (V.15c) 

2r' - \r' = 0, (V.15d) 



where (') and ( ' ) are respectively derivatives of t and r. We take the t = section as a Cauchy hypersurface. The 
initial data on this hypersurface then defines the metric on the whole Schwarzschild spacetime. However, because of 
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the Holography principle the amount of initial data needed is smaller than one would naively expect. From Eq.( V.15c) 
one sees that for < = the first time derivative of all components of the metric tensor are zero. Therefore the initial 
data must satisfy: 

2rr" + r'^ -rr'A' - = 0. (V.16) 

In order to solve Eq. ( V.16| ) on the surface t — we take boundary conditions of the following form: 

r'(i? ^ 0,i 0) 0, r{R^O,t^O) =rg, (V.17) 

where rg is radius at the event horizon. Thus the metric on the whole Schwarzschild spacetime is defined by the value 
of the Ggg component of metric at the origin. The AC for the Schwarzschild metrics can be written as the sum of two 
quantities. The first quantity is connected with some Lorentz-invariant number which is related to the event horizon 
(the surface t = 0, R = 0). The second quantity is connected with the Einstein equations. We take the first quantity 
to be related to the area of the event horizon (47rrg). We will divide this by inlp^ in order to obtain a dimensionless 
number. The second quantity is taken as the length of the program for calculating the metric. Thus the AC of the 
Schwarzschild black hole is given by the following expression : 



K K L 



2 



LEinstein, (V.18) 



L[(rg/lpi)'^] is the program length for the definition of the dimensionless number Tg/lpi which is determined from 
some universal machine. LEinstein is the program length of the solution of Einstein's differential equations using some 
universal machine, for example, the Turing machine. Finding an exact expression for the length, L, for determining 
the number (rg/lpi)"^ is a difficult problem. As a rough approximation we assume that each Planck sized cell, 1 %, can 
contain one bit so that L^rg/lpi)"^] « {rg/lpiY- With this approximation we can compare the first term of Eq. ( V.18| ) 
with the Beckenstein-Hawking equation 

S' = 47rr2. (V.19) 
Thus there appears to be some relation between these two quantities. 

C. Algorithmic complexity and the path integral 

In this section we will propose an alternative method of calculating the path integral in quantum gravity. The 
basic idea is to replace the action {I[g\) in the path integral by the AC (if[g]). It is important to note that K[g\ is a 
positive functional of g. Under this replacement of the action by the AC the path integral becomes 

D[g\e-^'^'^S]+! 9^u..J'"'dx) _^ J JJ^g^^-i{Klg]+J g^,,,J''''dx) ^ ^iZ[J'-"] ^ (V.20) 

where g^j/ is some arbitrary metric; K[g\ is the AC for the metric Z[J] is a generating functional for quantum 
gravity. 

The most complicated gravitational fields (in terms of AC) are those metrics which satisfy or are the result of 
no field equations. Such configurations are essentially random fields with no algorithm connecting the values of 
the metric at neighboring points in the spacetime. Thus according to Kolmogorov's definition of AC such random 
metrics would have a large AC. Metrics which are the solutions to some gravity equations (Einstein's equations, 
- theory, Euclidean theory, etc.) have a smaller AC in comparison with random metrics. In this sense one can take 
gravitational instantons as the simplest gravitational objects: they are symmetrical spaces, with the corresponding 
metrics possessing the same symmetry group. One way of understanding why instantons have a small AC is that they 
can be determined via their topological charges rather than by the field equations. This greatly reduces the AC of 
such configurations. 

Thus, as a first approximation the path integral in quantum gravity can be defined as the sum over the gravitational 
instantons. The next order of approximation would include the contributions from metrics which are solutions of 
Einstein's equations, R^ - theories, multidimensional theories etc. The larger the AC of a given configuration the 
larger the order of approximat ion at which it contributes to the path integral. An interesting point is that for quantum 



gravity based on the integral (V.2C) the Universe can contain different regions where different gravitational equations 



hold. An example of this is the composite wormhole discussed above. 
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VI. CONCLUSIONS 



In this paper we have considered the possibiUty that Nature can have changing the physical laws. We have 
postulated that the dynamics of this changing may be connected with the AC of a particular set of laws. This leads 
to the proposition that an object with a smaller AC has a greater probability to fluctuate into existence. 

Some physical consequences that can results from this hypothesized fluctuation of physical laws at the Planck scale 
are: the birth of the Universe with a fluctuating metric signature; the transition from a fluctuating metric signature 
to Lorentzian one; "frozen" extra dimensions as a consequence of this transition; quantum handles in the spacetime 
foam as regions with multidimensional gravity and so on. 



APPENDIX A: GRAVITATIONAL EQUATIONS 



We start from the Lagrangian adopted for the vacuum gravitational theory on the principal bundle with the 
structural group Q (dim(^) = N). Q is the gauge group associated with the EDs 



S = j {R + 2Ai) ^\d^+^x + J (2A^) y/l^ld^x (A.Al) 



where R is the Ricci scalar for the total space; G and g are the determinant of the metric on the total space and 
base of the principal bundle respectively, Ai, Aj are the MD and 4D A-constants. This Lagrangian is correct if the 
coordinate transformations conserve the topological structure of the total space {i.e. does not mix the fibres) 

y'^ = y"" {y") + r (^") , (A.A2a) 
x'^ = x'^ix"). (A.A2b) 

The metric on the total space can be written as 

dsfMD) = M^" + K"^^") i^-a + ha^.dx^) + {h^dx'') {h-^pdxl^) (A.A3a) 
t^a = eldy^ hi ^ el (A.A3b) 

where x^ and y'' are the coordinates along the base and fibres respectively; (Greek indices)^ 0,1,2,3 and (Latin 
indices)= 5, 6, • • • , iV; ^ = a, /l is the viel-bein index; rj^j^ = {±1, ±1, • • • , ±1} is the signature of the MD metric; 
are the 1-forms satisfying to the structural equations 

= ff-J A (A.A4) 

where are the structural constants for the gauge group G- 

The independent degrees of freedom for gravity on the principal bundle with the structural group G is vier-bein 
hP;{x"), gauge potential /i°(a;") and scalar field b{x°') Q. All functions depend only on the point x'^ on the base of 
the principal bundle as a consequence of the symmetry of the fibres. 

Varying the action (A.Al) with respect to /i^(a;") leads to 

J (^R^, - \hiR - K,hi^ VRd'^y - = (A.A5) 

where I7I = det hi = 6^dete^ is the volume element on the fibre and \/\G\ = V^IsIVTtI is a consequence of the 
following structure of the MD metric 

h = hi^l^ '0 hi ) ' (^-^6^) 



h-^ ^ hi^i "-^ -Y/-" , (A.A6b) 



hi -hihlhl 
h^, 

hi = {hiy h'^ = {h',y\ (A.A6C) 
An integration over the EDs can be easily performed since no functions depend on 

(• • • ) VWld'^y = (•••)/ VW\d''y = (•••) (A.A7) 



where Vg = J y/det{ef)d'^y is the volume of the gauge group G- In this case Eq. ( A.A5| ) becomes 



where = VgA2. 

Varying with respect to /i°(a;") leads to 



as /i° does not consists in det{hg) — det(/ig) det(/i[i). 
Varying with respect to 6(2:") leads to 



here we used Eq. (A.A8) and =. This equation we write in the form 



From Eq. (A.A8) we have 



Adding Eqs. (A.Al2a) and (A.All) we find 



Finally we have 



This equation system can be rewritten as 



here we have used h'^ = 0. 
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(A.A8) 



(A.A9) 



SS v-^ Sh°; SS ^-a f r.A 1, A A 

a.b " 



(A.AIO) 



N 



(A.All) 



KR 



A, 



i?^ - 2i? - 4 Ai 



5JV/2 



(A.A12a) 



R — R^ 



iV + 2 



(iV + 4)Ai 



4A2 
5JV/2 



(A.A13) 



R^a 

R^ - l^R 



2N f^^ , A. 



N + 2 



^1 + ^1^" 



(A.A14a) 
(A.A14b) 
(A.Al4c) 



2N f^^ , A. 



N + 2 



Rua — 



= Ai 



A2 



(A.AlSa) 
(A.AlSb) 
(A.Al5c) 
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